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XXIV. Some Properties of the Sum of the Divifors of Numbers,
By Edward Waring, M. D. F. R,%

Read May 29, 1788,

1. ET theequation s —1 .4 = 1.3 =T, 4 =1 .81
G e =t T g b it e =
ab - pheT b= g xf-s+xb~7.. - xb—n B L o+ gt

xb—35 — gb—a0 o gb—st g yb57 &e. ... ¥ x&c.=A=q. Th@
figns + and — proceed alternately by pairs unto the term-
ab—,  The co-efficients of all the terms to the above-men~
tioned (#*~") will be+41, —~1o0ro; they will be+1, when:

. . . 2% k< 2 .
multiplied into 4%, where v= 3;; or=3"% and = an
2

even number ; but — 1, if z be an uneven number ;i alI other-

cafes they will be=o,
The numbers 1, 2, §s 75 12,15, 22, 26 35 40, &c.

fubtralted from A may be colle&ed from the addition of the-

numbers 1, 1, 3, 2, §, 35 75 4 95 5, 11, 6, &c. which.

confit of two arithmetical feriefes 1, 3, 3, 7> 95 Bl &co,

1, 2, 3» 45 55 6, 7, &c. intermixed.

2. The {fum of any power (») of each of the roots in the
equation A =o will be S (7), where S () denotes the fum of
all the divifors of the number », if m be not greater than. z

Cor. Hence (by the rule for finding the fum of (m) powers.
of each of the roots from the fum of the inferior powers and:

co-efficients of the given equation) may be deduced S ()=
; .. 5
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Dr. WaRrING o, &c, 389
pPS(m=1)=¢S(m—2)+rS (m- 3)=sS(m—4)+1S(m—35)-
&c.=S(m—1)+S(m—=2)-S(m—35)=S(m=79)+5(m~12)
+S(m—15)~S(m~22) =8 (m—26)+ &c. which is the pro-
perty of the fum of divifors invented by the late M. EvLrr.

Cor. By fubftituting for S (m—1), S(m—2), &c. their
values S(m ~ 2)+S(m—3) - S(m—6) ~S(m-8) + &c.,
S(m=3)+S(m—4)~S(m~ 9)=5(m=9) + &c. &c. in the
given equation S(m) = S(m=1) + S(m=2) = S(m~—5)
— S (m—7)+&c. may be acquired an expreffion for the fum
S (m) in terms of the fums of the divifors of numbers lefs
than m -1, m—2, &c. - the fame method may be ufed for
a fimilar purpofe in fome of the following propofitions.
~ Cor. By the rule for finding the fum of the contents of
every (m) roots from the fums of the powers of each of the
roots may be deduced the equation == 1.2.3.4...m,

oro=1-m. ”.’.“2;_18(2)-}-/71 “m—1 ﬁgj $(3)

- M- -2 .%5:8(4)+&c._

+m.om—1 . T—g—-z- .%-;S'((z))\’—&c.

in which the fum of the divifors of any number m is expreflecd
by the fums of the divifors of the inferior numbers m -1,
m =2, &c. and their powers. If v beaneven number, then
==1.2.3..mwill have the fame fign as the co efficient;
if uneven, the contrary; but if the co-efficient =0, then will
the content 1 . 2. 3 . . mvanith. The law of this feries is
given in the Meditationes Algebraica.

3. Let H be the number of different ways by which the fum of
any two numberst, 2, 3, 4, ... m—2, m~1, can become
=m; H’ the number of ways by which the fum of any three
of the above-mentioned numbers can make m; H””, H”, H"",
&c. the number of ways by which the fum of any four, five, fix,

- Fffa &e.
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&ec. of the above-mentioned numbers 1s = m refpetively ; then

will t —=H4-H' -H” +H" = &c.==10ro0. Let m-.:izg_if,_

and it will be +1 or -1, according as z is an odd or even
number, in all other cafes it will be =o.

PART IIL

1. Let theequation be w—1 &' =1 . 8" —1.2" ~1 X =1

R I  al Cai 32 e
B B N T L TS Ll U B L
— xb’—-—n + xb’—lz + xb’;—w - xb’ -17 .xb»’——xg + xb‘—zo — xb’-—zg +2 xb’-——z:},
— P26 b7 ¥ =8 &rc = A’=0; the fum of any power
(m) of each of the roots in the equation A”=o0 will be §'(=),
where S’ (%) denotes the fum of all the prime divifors of the
number m, and m is not greater than z.

Cor. Hence, by the rule before-mentioned 8’ (m) =S (m - 1)
S (m—2)=S (m—4) =S (m~8)+S (m—10)+5 (m~11)
- S (m = 12) — & (m—16) + S (m—17) + & (m-19) -
S (m — 20) 4 S (m - 23) — 28 (m — 24) + S’ (m —26) +
S (m—249)~S (m—28)+5 (m=29), &c.

If in this, or the preceding, or fubfequent analogous cafes
S(m—r), or & (m—r), or §'(m —r), becomes S (0), or & (o),
or §'(0) 5 for S (o), or S (o), or §/(0), always fubflitute 7.

Cor. Let L. be the co-efficient of the term x*=; then, by
the above-mentioned feries contained in the Meditationes Al-

gébraicae, will T.2.3.4....m X% L=1—m.ﬁ;8’(z)

m=—2

+m.me1. xS (3) —m.m=1 .m-—Vz,,.@—i"—Z{x S (4)

+&e. + 7”-7”‘7'qu”»f'z.’f;;—sxs/((Z))z'

'3 - &e,
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'~ &ec. be an equation, which expreffes a relation between the
prime divifors of the numbers 1, 2, 3,4 ...m~1, m, and

their powers. |
Cor. The co-efficient L =the difference between the two

refpetive numbers of different ways that m can be formed
adding the prime numbers 1, 2, 3, 5, 7, 11, 13, 19, &c.
the one with, and the other without, 2.

P ART III

1. Let an equation #—1 .4 1.8 —1.48 ~1x&c.=
wh = pxb=t - gx*—2 — ra?-3 4 &c.=o0; then will the {fum of the
(m) powers of each of its roots be the fum of all the divifars
of m, that can be found amongft the numbers o, 3, ¥, d; &c.

2. The co-efficient of the term #*— will be the difference
between the two refpedtive numbers of different ways, that
the number (7) can be formed from the addition of the num-
bers @, B, v, J, &c.; the one containing in it an odd number of
the even numbers contained in «, 8, ¥, 3, &c.; the other not.

PART 1IV.

olet 1.0 —1. %1 .4 =T .0eeon—1.&c=
b — pxb-—l + gxb—zl a3l &C, = b — gl yb—2l . yh—sl . yob—1l
- yb—12l L gb=15l &, =B =0, of which equation all the co-
efficients are the fame asin cafe the firft, and confequently
==1 or o to the term (x*=).

2. The fum of any power /x m of each of the roots of the
equation B=o will be S'(#), where S’ () denotes the fum of
the divifors of m, which are divifible by Z

Cor.
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Cor. Hence S'(m) = S§'(m~1)+S' (m—=2/) =S (m~g5ly~"
8 (m —~ 7/) + 8(m = 120) + §(m - 15]) = S’(m - zz/) —
St (m - 26/)+&c ; the law of the feries has been given in
Cafe 1.

Cor. The fum of all the divifors of m not divifible by /=
S(m)=S(m)=8(m~ 1}~ (m—1!;+ (S (mw2)=5(m—2l))
—=\8(m -5)=-S'(m=50)) - (S(m-7, - S!(m~7!)) +%c.

A fimilar rule may be predicated of the {um of the divifors
not divifible by the numbers a, 4, ¢, 4, &c ¢ for the {fum of
the divifors of the number () divifible by a, b, ¢, 4, e, &c.,
where 4, b, ¢, d, ¢, &c. are prime to each other = (St (m;+
8¢ (m) + S (m) + 8¢ m) 4 8+ (m) 4 &c.)) — (S % (m) + 5% 'm 4
StXe (m) 4 S (m” 4 8% (m) 4 5% (m) 4 5% (m) + &c ) +
(Sexxe () = §oxEXd (g5) 4 §9X0XA {a) - §XeXd () 4 St () +-
&c.))— ((Seertd (m) + Sekitede (m) 4 &c.}) + ([ Setbdotit(m)
-&c.)) ~ &c. = /== the fumof all the divifors of m.. . . divifi-
bleby a, 4, ¢, d; e, &c. refpetively added together, — the fum
of all the divifors of m divifible by the produés (a4, ac, bc, &c.)
of any two of the quantities:a, 4, ¢, d, &c.4-the fum of all
the divifors of m divifible by the contents (abc, abd, acd, bcd,
&c.) of every three of the quantities a, 4, ¢, d, &c. ~the fum of
all the divifors of  divifible by the contents of every four of
the abovementioned quantities 4, b, ¢, d, &c. + and fo on, and
confequently S () — C is the fum required.

The principles given in the former parts may be applied to
this, and extended to equations of which the fa&ors have the
formula #*==4; and from the fum of the inferior powers of
each of the roots, and the co-efficients may be collected the

fum of the fuperior; the fame may be performed by the ca—
efficients only, &c,

PART
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PART V.,

1. S(axf)=axS(2) + fum of all the divifors of 8 not:
divifible by =8 %.S(«, 4+ fum of all the divifors of @ not di--
vifible by 8.

2. 8 (ax £)=ax S {£)+ fum of all the divifors of @ divi-
fible by / but not by o= &c. '

3. S{axBxyxixd&e) =axS(Bxyxdxe &) 4 fum-
of all the divifors of 8 x 9 xdxe, &c. not divifible by a=
ax BxS(yxdxe &c)+fum of all the divifors of Bx g x§
x e, &c. not divifible by e+« xfum of all the divifors of
g % 8xe, &c. not divifible by B=a x fxqx5(dxe, &c.)+
fum of all the divifors of G x4 x4 x¢, &c. not divifible by
e +oxfum ot all the divifors of 3 %3 xe, &c. not divifible
by B4 x £ xfum of ail the divifors of dx ¢, &c. not divifible -
by 9=axfxyxdxd (e &e)4lum of all the divifors of
£xqyxdxe &c. not divifible by « 4+« x fum of all the divifors
of 99, &c. not divifible by B+ x Bx{um of all the divi«
fors of Je, &c not divifible by 9 4o x B x ¢ x fum of all the
divifors of ¢, &c.. not diviible by §==&c. The law of the
feries 15 manifefh  The letters. o, B, 9, d, &c. which are not.
contained between the parenthetes, denote prime numbers.

Cor. If {fome of the letters a, B, 9, 8, &c. be fubftituted-
for: others, and others for them, the equations refulting will:
be juft, and confequently many. new equatious may be deduced. .

If in the preceding equations for S be wrote 8/, and for- the.
fum of all the divifors or a certain quantity not divifible by a
prime nuimber (, or £, of 3, &e.) be wroie the fum of all.

the.
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the divifors of that ‘quantity not divifible by the fame prime
number, but divifible by /; the propofitions refulting will be
true.

Thefe equations may be applied to the equations given in
the preceding parts, and from thence many others deduced.




